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General Strong Conservation Formulation of Navier-Stokes
Equations in Nonorthogonal Curvilinear Coordinates

H. Q. Yang,* S. D. Habchi,} and A. J. Przekwas}
CFD Research Corporation, Huntsville, Alabama 35805

The selection of primary dependent variables for the solution of Navier-Stokes equations in the curvilinear
body-fitted coordinates is still an unsettled issue. Reported formulations with primitive variables involve contra-
variant velocity components, Cartesian components, and velocity projections, also known as resolutes. Most of
the formulations result in a weak conservation form of the momentum equations which contain grid line curva-
ture- and divergence-related Coriolis and centrifugal terms. This paper presents a general strong conservation
formulation of the momentum equations allowing the flexibility in choosing the various forms of the velocity
components as the dependent variables. Ambiguous issues relating geometrical topology and forms of governing
equations are discussed and clarified. Computational results obtained with both strong and weak forms are pre-
sented and compared to known analytical/experimental data. The results confirm the soundness of the

formulation.

Introduction

OST practical fluid flows occur in complex geometrical
ll configurations. For this reason, various formulations of the
Navier-Stokes equations and their discretization for body-fitted
coordinate (BFC) systems have been investigated in a pressure-
based finite (control) volume framework.!~1® There are several op-
tions in the grid arrangement and choice of dependent variables in
the momentum equations. It is well known that the formulation of
the Navier-Stokes (N-S) equations with Cartesian components as
dependent variables'?? in the curvilinear coordinates retains a
strong conservation form. On the other hand, formulating the N-S
equations with other components, such as contravariant®>>® and
covariant components, or velocity projections (or resolutes)’-10
along covariant or contravariant base vectors is known to have a
weak conservation form. An interesting discussion on this subject
has been provided by Shyy and Vu.!!

In the strong conservation form of the N-S equations, all terms
are expressed in terms of derivatives of the unknown vector com-
ponents with respect to the independent variables. The virtue of
this form is that it is possible to solve the equations by a variety of
stable schemes and still obey physical conservation laws (such as
mass, momentum, and energy laws).!? Indeed, by a strong conser-
vation form, the physical conservation laws are satisfied not only
in each control volume but also in the whole computational do-
main. On the other hand, in the weak conservation form, the curva-
tures and divergences of the grid lines introduce extra source terms
into the governing equations. These terms are analogous to the fic-
titious body forces which result from the use of a noninertial refer-
ence frame (such as centrifugal and Coriolis forces). These terms
are very sensitive to the uniformity and skewness of the mesh dis-
tribution, and they can cause serious problems in the numerical ac-
curacy. Most importantly, the satisfaction of physical conservation
laws may be jeopardized. In the aerospace application of computa-
tional fluid dynamics, where external and compressible flows are
usually of major interest, a formulation having strong conservation
form can preserve freestream properties without any pollution due
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to grid skewness. Furthermore, it can satisfy the Rankine-Hugo-
niot condition for shocks and discontinuities, and therefore it pos-
sesses a better shock-capturing capability.

The objective of this paper is to provide a comparison between
the strong and weak conservation forms of the N-S equations and
to identify the inherent problems with the weak conservation form.
Subsequently, a general formulation of the equations in the curvi-
linear coordinates is presented, which bears all strong conservation
properties possessed by those with Cartesian components. The
present technique is tailored for the pressure-based method since
most of the density-based formulations use the Cartesian compo-
nents. In the proposed technique, the differentiation operators are
applied directly to the velocity vector itself, instead of velocity
components. This eliminates numerical diffusion due to the skew-
ness of a flow relative to grid lines. Furthermore, the present for-
mulation has a clear, simple form, and it can be applied to the N-S
equations with either contravariant, covariant, or even velocity
projection as the dependent variable. In the limiting case, the one
with the Cartesian component can be retrieved. The purpose of the
paper is to present a formal and elegant form of the N-S equations
in general curvilinear coordinates and to analyze and clarify the
properties of weak and strong conservation forms. The ideas lead-
ing to the general strong conservation formulation are also illus-
trated.

Following the mathematical formulation section, several exam-
ples are used to demonstrate the soundness and success of the new
technique. Here, all the examples are carried out with the velocity
projection as the dependent variable. The successful application of
the present technique for a formulation with a contravariant com-
ponent as. the dependent variable can be found in two-phase flow
codes developed at CFD Research Corporation.'> Therefore, the
conclusion drawn can be equally applied to the other formulations
with either covariant or contravariant components.

Basic Mathematical Formulation
The Navier-Stokes equations can be written in a vector form as

p

at+V- (pV) =0

8y

d(pV)
ot

+V. (pVV) = -Vp+ V- [W(VV) +n(VV)T] +S
2

where p is density, V the velocity vector, V- the divergence opera-
tor, V the gradient operator, p the pressure, i the dynamic viscos-
1ty, and S the source vector.
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Instead of tensor manipulation,>® the present study seeks a di-
rect transformation of the above equations from the Cartesian co-
ordinates to the curvilinear coordinates. The subsequent discretiza-
tion by the control volume practice is applied to obtain the final
finite difference equations. To start with, let us denote the Carte-
sian coordinates as x; and the curvilinear coordinates as &' The co-
variant base vector in the curvilinear coordinates g; is related to the
base vector in the Cartesian coordinates I; by

2 ©)
8 = i 1
o8’

The corresponding unit base vector is given by

€ = %’ h; = J8i 8

2

no summation on { “)

Here, h; is a scale factor. With the base vectors defined as noted,
the vector operators of Eqs. (1) and (2) can be transformed from
the Cartesian coordinates to the curvilinear coordinates through
the following relations:

gradient:
vo = g2 - ;2 (&) )
I S
divergence:
_so(&
vy - s2(8) ©
and Laplacian:
d (g g do
V2 = J__(g_i __] @)
o=

where ¢ is a scalar quantity, g/ is the contravariant base vector,
which satisfies

g8 =23 (8)

8 is the Kronecker’s delta, and J is the Jacobian of the transforma-
tion,

1 0(x, X, Xy)
N L 9)
IoaElee) (

The preceding operators are sufficient to expand and differentiate
scalar transport equations in the curvilinear coordinates. On the
other hand, the vector quantity transport equation needs further
elaboration. A vector (say velocity vector) can be expressed as:

V=Vg=Vg (10)

where V' is the contravariant component of the velocity vector and
V; is the covariant component. They are nonphysical in that they
contain a scale factor. For example, in polar coordinates, the scale
factor for 6 direction is r, so that gg is eg/r, and the contravariant
component is (rvg). Using a nonphysical component may lead to
undesirable mesh sensitivity in the vicinity of singularity such as
pole (r = 0). This explains why the velocity components were di-
vided by the corresponding scale factors during tensor transforma-
tion.>® It is, therefore, wise to use physical components which are
denoted by a parenthesis in the index, V@ and V;y:

V = V(i)ei = V(i)ei (11)

where
vOP=r vy, =2 (12)
with ¢’ as the unit contravariant base vector:

; i i ) 3
e = f—l-i, B = Jg'- & nosummation on i (13)

A velocity projection (or resolute) can also be defined as
u,=V-e, or u=V-é (14)

Figure 1 shows the two-dimensional schematics of a velocity vec-
tor expressed in terms of physical contravariant and covariant
components, as well as velocity projections. With the preceding
relations the continuity equation can be transformed as

02t )0 e

By virtue of Eq. (8):

Vi=v.gh Vv, =V-g (16)

one can integrate Eq. (15) over a control volume surrounding node
point P:

(p,—pp) vol

= +G. -G +G -G +G,-GI =0 (D

where
G, = (pv'ah., Gi=(pvP 4. G, = (pvP 4,8

Al is the normal area to the ith direction, and vol is the volume. The
subscripts e, w, n, s, h, and [ represent the quantities at east, west,
north, south, high, and low faces of the control volume. Depending
on the temporal accuracy, G’s can be evaluated at different time
levels.

A similar procedure is applied to write the vector momentum
equation in the curvilinear coordinates:

a(pV a(pg" )_ gap . ol g-gov
e I
Cla o8 0% g

o, 8.9V |,
+8§i(u1 akg]+J (19)

Fig. 1 Relationship between velocity resolutes (u;, u,, u!, u), contra-
variant components (v, v®), and covariant components (v, ¥(3)-
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To express the preceding equation in terms of the primitive vari-
ables (instead of the vector form), we can project the vector equa-
tion along a certain direction. This is accomplished by dotting
(performing a dot product) the given momentum equation by a
base vector b. For demonstration purposes, we will only keep the
transient, convective, and pressure gradient terms (Euler equa-
tion); the same procedure is applied to the diffusion terms except
that it involves more tedious derivation. Now the Euler equation in
Cartesian coordinates is transformed to [with relation (16)]

a(pv) J (pvv) - &% 20)
ot L T 3¢
By dotting the above equation by b, we have
b. 8(ij+b a(pV‘ )-—b-ga—p. 1)
ot dE' J 3¢’

The conventional transformation is done by bringing b into the dif-
ferentiation on the left-hand side (LHS), so that Eq. (21) becomes:

Q(pV- b)+ d (pV ,,)_a_b,ﬂv -
o\ J o’ oet 7 T e
There are several interesting features associated with Eq. (22):

1) If b = I, the base vector in the Cartesian coordinates, the de-
pendent variables are simply the Cartesian components, and the
third term on the LHS of Eq. (22) is always zero. As a result, Eq.
(22) is strongly conservative. This formulation has been used in
Refs. 1, 2, and 9.

DIlfb= g/, the contravariant base vector in the curvilinear coor-
dinates, the formulation is what has been derived by Demirdzic et
al.* for two-dimensional and by Yang et al.>® for three-dimen-
sional curvilinear coordinates.

3) If b = g;, the covariant base vector, the primitive variable in
the momentum equation becomes the covariant component (V;) of
a velocity vector.

4) If b = e;, the unit contravariant base vector, the primitive vari-
able will be the velocity resolute, which is used by Parameswaran
and Sun’ and also in the PHOENICS code.!?

Indeed, as long as b is a spatially variant base vector, Eq. (22) is
always weakly conservative because of the existence of 0b/og.
Actually, by letting b = g/ we can write Eq. (22) as

oor), (W) GV g
= &= +a§ vi-g, -2 =-¢ 5 ” (23)

U

where g, - 9g//0E! is nothing but the Christoffell symbol of the sec-
ond kind derived by tensor transformation.>® It is due to this term
that the momentum equation is weakly conservative.

To formulate an equation with V;=V - glV.=v- gpory=V-
e; as the dependent variable while at the same time ensuring the
strong conservation property, we propose the following operation
order, i.e., dotting Eq. (20) by b after the discretization. The idea of
the proposed formulation comes from the observation that the mo-
mentum equation in the vector form [(Eq. 19)] is strongly conser-
vative. Integration of Eq. (20) over a control volume yields the
form:

[(pV) o~ (pV)}]vol
At

+(GV) = (GW)) + (GV) - (GV)?
+(GV), - (GV)] = - A, () (P~ P,)

— Ap (€, (p,—py)— An (€ (P =) 4

-b- g—l—aﬂ 22)

The approximation from a cell center to the cell face for the con-
vective terms can be carried out as follows:

(G'V). = (G’e(v +V) -2 d vy
(G'V),, = (G’W<VW+V,,>—E|(G>WI (Voo V)
(GV), = (G’"<VN+VP>— (6D ] (Vy-V,)
e
G s
@), =G wrvy L@ v, -vy
GV, = (G”’(V V) -Bl@l v, vy
GV, = ‘G)’(V +vp) bl vy

where B is a damping parameter, 0 < B < 1. Note that when B is
zero, the above approximation is equivalent to the second-order
difference on the convective term, and when B is 1, it is the first-
order upwind scheme. By substituting the above relation into Eq.
(24) and making use of the continuity equation, we have

(ap + pAVtOI)VP = agVp +ayVy+ayVy +aVy

%yol

+a,Vy+a,V, + pA

Vi —Ap (e )p (P.— D))

— A3 (D) (Pu—p,) - As(€D)p (py— D)) (26)

where

a,=apg+ay+ay+a,+a;
ag = V2 [B[(G)e| - (G))]
ay = V2 [B[(GY)] - (G)]
ay = V2[B|(G*) 4] - (G*) 4]
ag = Y2 [B|(GD)| - (G7);]
ay = V2 [B| (G| - (G4l

a, = 2B (GY)] - (G)] @7

At this point, Eq. (26) is strongly conservative since there are no
grid curvature terms involved. This is the time to make a dot prod-
uct of the preceding equation to choose primitive variables. As dis-
cussed earlier, there are several options:

1) Let b = I;. The resultant primitive variable will be a Cartesian
component, and the final equation is the same as used by the oth-
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zero
gradient
slip boundary boundary
II Z Z A i —i
velocity 3 /[ /// ~—+
1000 m/s—» [—F—F i e
—> VA VA Z i
17 L V4 I
slip boundary
a) Computational Grid
1.00+4E3 1.07+E3 9.93+E2 9.84+E2  9.85+E2  932+E2  9.51+E2
1.00+E3 1.02+E3 9.98+E2 9.99+E2  1.00+E3  9.78+E2  9.81+E2
1.00+E3 9.91+E2 -9.78+E2 9.84+E2  9.86+E2  9.72+E2  9.83+E2
1.00+E3 9.69+E2 9.60+E2 9.70+E2  9.70+E2  9.66+E2  9.85+E2
1.00+4E3 9.53+E2 9.44+E2 9.59+E2 9.50+E2  9.64+E2  9.89+E2
1.00+4E3 9.38+E2 9.30+E2 9.55+E2  9.53+E2  9.70+E2  1.01+E3
1.00+E3 90.64+E2 0.98+4E2 1.044E3  1.05+E3  1.08+E3  1.10+E3

b) Predicted Axial Velocity (Weak Conservative Formulation)

1.00+E3 1.00+E3 1.00+E3 1.00+E3 1.00+E3 1.00+E3 1.00+E3
1.00+E3 1.00+E3 1.00+E3 1.00+E3 1.00+E3 1.00+E3 1.00+E3

1.00+E3 1.00+E3 1.00+E3 1.00+E3 1.00+E3 1.00+E3 1.00+E3
1.00+E3 1.00+E3 1.00+E3 1.00+E3 1.00+E3 1.00+E3 1.00+E3
1.00+E3 1.00+E3 1.00+E3 1.00+E3 1.00+E3 1.00+E3 1.00+E3
1.00+4E3 1.00+E3 1.00+E3 1.00+E3 1.00+E3 1.00+E3 1.00+E3

1.00+E3 1.00+E3 1.00+E3 1.00+E3 1.00+E3 1.00+E3 1.00+E3
€) Predicted Axial Velocity (Strong Conservative Formulation)

Fig. 2 Computational grid and flow results for weakly conservative
form.

V=200 m/s
Ar=015m
Ae H -;-lﬂd.
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a) Grid and Boundary Conditions
p
wepv?

-'_5{
p:0

b) Weak Form, Pressure

Fig.3 Inviscid incompressible flow through polar coordinate system;
comparison of weak and strong conservative form.

ers.1®? The first drawback of this formulation is that cross pres-
sure gradient terms are involved regardless of the grid being or-
thogonal or nonorthogonal as long as it is not Cartesian. This may
introduce complexity in boundary conditions. The second draw-
back is that a transformation between the contravariant component
used in the continuity equation and Cartesian component used in
the momentum equation is required. However, this formulation
has its appeal due to its simplicity.

2) Let b = (g/)p. The resultant primitive variable is the nonphys-
ical contravariant component (V/)p.

3) An alternative to option 2 is to use & = (&/)p, the unit contra-
variant base vector. The primitive variable will be VV(e; - &) or
simply the velocity projection along the e/ direction. The merit of
this choice is that the physical contravariant component in the con-
tinuity equation (17) is the same as the primitive variable in the
momentum equation, so that no transformation is needed. How-
ever, cross pressure gradient terms still exist.

4) Let b = (g;)p- Again, the resultant primitive variable is a non-
physical covariant component (V7 )p.

5) An alternative to option 4 is to use b = (e;)p. Here the primi-
tive variable is the velocity resolute or velocity projection along
the e; direction. It has the merit of single pressure gradient term for
Eq. (26) when a staggered grid arrangement is used. However, the

transformation between a resolute and a contravariant component
is unavoidable.

Without loss of generality, we will use b = (¢/)p as an example,
so that the primitive variable is the physical contravariant compo-
nent, VP(J ), Realizing the following relation:

V, - (e)p = VO (e, €9, (28)

the dot product of Eq. (26) by (e}); leads to:

pevol () _ () ) D (D
(ap+T V, = apVp +ayVy +ayVyo +agVy

p°vol
At

. 1 . 1 1SN 1
+a, V" +a v+ VY- Ap(p,—p,) (e, €)p

— AL ey, (p,—p) —As(e ), (p—p) +S

(29)
where
dy = age), - (€)p ay=ayle), ()r
ay = ay(e) - (e)p dy=as(e) ()
dy = ag(e), (€)p a,=ay(e), (€)p  (30)

[‘11‘/1(2) (9251 ’ (el)p+a1Vl(3) (e3); - (el)P]

S = 2

I=E,W,N,S, H,L

Equation (26) can be dotted with (e2),, and (e®), using the pre-
ceding procedure to obtain equations for V,* and V}S »,

The diffusion terms can be approximated by the second-order
central difference scheme, while the SIMPLE algorithm'# can be
used for velocity-pressure coupling, and pressure oscillation can
be avoided by the use of the staggered grid.

In the next section, selected flow problems illustrate the differ-
ence between the weak and strong conservation forms. Accuracy
of the proposed BFC formulation is demonstrated with selected
CFD benchmark flow problems. Both strongly and weakly conser-
vative formulations with velocity resolute as a dependent variable
were incorporated into a CFD code, REFLEQS,! which was used
for the present computations.

Computational Results

Inviscid Channel Flow

The first test case considered is a uniform inviscid flow through
a rectangular channel. In this generic case the computational grid
is composed of only six cells in the axial direction and six cells in
the vertical direction, with highly skewed grid lines as shown in
Fig. 2a. The velocity in each cell should equal the inlet velocity if
no BFC numerical error is present. The inlet velocity is specified
as 1000 m/s (304.8 ft/s), corresponding to a Mach number of 2.88
for 300 K (80°F) air. The expected correct solution should yield
1000 m/s everywhere in the domain.

Figure 2b shows that the weak conservation formulation gives
about 10% error, and the velocity distribution in the channel is not

Table 1 Drag coefficients comparison

c, (o9 Cy
Present weak form 0.8731 0.6258 1.4989
Present strong form 1.2118 0.7966 2.0084
Reference 16 1.201 0.794 1.995
Reference 17 2.0001




940 YANG, HABCHI, AND PRZEKWAS: CURVILINEAR NAVIER-STOKES EQUATIONS

LIRS IR LI L LD RAABREBRY
ITTLIsALALI RIS R E2ALE
1A et

300°K

182°K.

a) Computational Grid-
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Fig. 4 Grid and temperature contours for supersonic flow over a 35-deg wedge.

e

INS-3D [19] Present
b) Comparison of Axial Flow at 8 = 60°

Exp. [18]

Exp. [18]
¢) Comparison of Radial Flow at 6 = 60°

INS - 3D [19] Present

Fig.5 Flow in three-dimensional 90-deg bend square duct.

uniform. Apparently, the change of the coordinate line 1} with &
gives rise to the centrifugal and Coriolis-type body forces so that
the momentum equation cannot be satisfied for a simple uniform
flow due to the unbalanced flow-geometric relations. The results
obtained with the proposed formulation, with the same velocity
projection as dependent variable, show a perfect flow distribution
(Fig. 2¢).

Inviscid and Viscous Incompressible External Flows
The second problem considers a uniform subsonic flow passing
from right to left across a circular grid (Fig. 3a). Since the bottom

surface is chosen as a symmetric plane, the correct solution is zero
pressure loss and a uniform velocity. N-S equations in the polar
coordinates expressed in terms of radial (V,) and circumferential
(V) velocity components have a weakly conservative form with
familiar centrifugal and Coriolis terms. Figure 3b presents the typ-
ical pressure distribution obtained with this form of the N-S equa-
tions.> Galpin et al.3 attributed this to the enigmatic numerical dif-
fusion error due to grid curvature, when flow is not aligned with
the grid lines. With the present formulation (still with V, and Vj as
the dependent variables), the solution is perfect. This proves the
freestream preserving property of the present formulation.
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Another external flow problem involves viscous flow through a
cylinder of radius R. Here the results can be compared with those
previously published.'®!7 For this free boundary problem, the
outer boundary radius is chosen as 200 R to eliminate the influence
of the far field. The cylinder surface is described as nonslip. The
important parameter of the present problem is the drag coefficient
(C, due to pressure (C,) and friction (Cy). A 100 X 80 nonuni-
formly distributed grid is clustered near the cylinder surface to re-
solve the possible boundary layer. At a Reynolds number of 20 and
B = 0.001, the computed drag coefficients are listed in Table 1. The
results from Ingham and Tang'® and from Fornberg!” are also pro-
vided.

It is seen that the drag coefficients calculated by the present
strong conservation formulation are in excellent agreement with
those of Refs. 16 and 17. On the other hand, with a weak conserva-
tion form, the predicted drag coefficients are totally unacceptable.

Supersonic Flow Over a Wedge

To demonstrate the superior shock-capturing capabilities of the
strong conservative form, a supersonic flow (M = 5) over a 35-deg
wedge is considered. Figure 4a shows the120 X 60 computational
grid used for this problem. Note that across the wedge starting line
where sudden change in grid line angle exists, both Coriolis and
centrifugal terms will appear in the weak conservation form of the
N-S equations. Figures 4b and 4c present the temperature contours
obtained with weak and strong forms. It is directly seen that the
weakly conservative form gives large temperature (also pressure)
spikes at the wedge. On the other hand, the strong conservative-
form yields a sharp resolution of the oblique shock and correct re-
flection angle.

Incompressible Viscous Flow in a Three-Dimensional 90-Degree
Bend Duct

The last problem compares the present formulation (with veloc-
ity projections as dependent variables) with another formulation
that uses the Cartesian components as the dependent variables. The
problem definition and computational grid are given in Fig. Sa. For
the secondary flow, the experimental data by Taylor et al.'® and
numerical calculation by McConnaughey et al.'® using incom-
pressible Navier-Stokes (INS-3D) code, as well as the present cal-
culation are shown in Figs. 5b and 5c. It is seen that the present
calculation compares very well with experiments and the calcula-
tion obtained with the INS-3D code.

Conclusions

Traditional N-S formulation with non-Cartesian components as
primitive variables cannot preserve freestream properties. When
applied to supersonic flows, the formulation leads to spurious os-
cillations near shocks. The present paper proposes a general strong
conservation formulation for the N-S equations, which can not
only preserve freestream properties but also possesses excellent
shock-capturing capabilities. The idea is to integrate the vector
form of the momentum equation first and then decompose it into
selected velocity components. In the classical approach these steps
are reversed. The demonstration and validation examples show
that the present formulation is robust and accurate for a wide class
of problems from inviscid to viscous flows and from incompress-
ible to highly compressible flows.
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